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actuators and sensors would need to be appropriately located and
added to the active structure. The strain-rate estimate was generated
with a band-limited derivative filter, with the cutoff frequency set to
20 Hz. The filter captured the derivative estimation of the targeted
first-mode bending frequency.

The slewing active structure was subjected to a near-minimum
time input11 from 0 to 40 deg in 0.317 s. Two runs were performed
both with and without a payload variation. In addition, each run was
performed with and without active vibration control. The reference
trajectory, passive (piezo off) and active (piezo on) runs for the no-
payload case are shown in Fig. 2. The slew trajectory was tracked
very well with small oscillations. The root strain responses are
shown in Fig. 2. With the active case, the initial residual strain was
reduced by 10–15 µstrain and the settling time reduced, from greater
than 10 to less than 3 s. The tip acceleration reponses are shown in
Fig. 2, which demonstrate similar reductions in settling time.

The NAC algorithm was tested for robustness to parameter vari-
ations by increasing the tip mass, which reduced the first bending
frequency to 4.5 Hz. The results for this run are also shown in Fig. 2.
For the angle responses, the control algorithm still maintained good
tracking performance with an increase in oscillations about the set
point. It is believed that the piezoceramic actuator saturation does
not allow the controllers to be completely decoupled. The oscilla-
tions in Fig. 2, caused by the tip mass variation, do not persist and
die out after 3 s. With the tip mass variation, a similar reduction
in settling time and residual vibrations are still observed for the
active run. For the acceleration response, residual vibrations and
settling time are reduced for time greater than 2 s; however, the in-
creased transient spikes are due to piezoceramic actuator saturation.
Reduction in these transients would require an increase in piezoce-
ramic actuator control authority. The corresponding motor torque
and piezoceramic actuator voltages for with and without a payload
are shown in Fig. 2. A 50% amplitude reduction for the piezoceramic
actuator was applied to prevent degradation due to large actuation
voltages relative to lower vibration levels. This problem is reviewed
in more detail in Ref. 12.

V. Conclusions
A robust NAC system was designed for the rotational slewing

of an active structure. Experimental runs validated the control sys-
tem performance. Reductions in both residual vibration and settling
time resulted. Robustness to parameter variations were tested by
increasing the tip mass so that the first-mode bending frequency
was reduced. Control system performance results were similar to
the zero tip mass case.
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Partial Eigenstructure Assignment
Approach for Robust Flight Control
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Introduction

T HE main purpose of a flight control system is to improve the
aircraft’s dynamic properties for good flying quality. For exam-

ple, the well-known MIL-F-8785C (Ref. 1) gives some performance
criteria for good flying quality. In this guidance, the criteria are trans-
lated into the eigenstructure specifications. Therefore, eigenstruc-
ture assignment2,3 is particularly suitable for attaining good tran-
sient responses, and many successful applications for flight control
design are presented.4−9

At the same time, an implemented control system should not
cause instability, even though there exist parameter uncertainties,
unmodeled dynamics, and so forth. However, feedback synthesis
with a given robustness bound via ordinary eigenstructure assign-
ment technique is a difficult problem, because little design freedom
is left for achieving another objective such as robust stabilization.

To attain more design freedom, partial pole/eigenstructure
assignment10−16 is an effective technique. In the pioneering
work,10,11,14 pole placement of large-scale systems and eigenvalue
sensitivity improvement by attained freedom are primarily consid-
ered. The dynamic properties of aircraft fundamentally consist of
rigid-body dynamics and parasitic dynamics (e.g., washout filter,
actuator dynamics, etc.); the former predominantly affects flying
quality. Therefore, partial eigenstructure assignment is a reasonable
approach. Kim and Kim15 reduced the attained freedom to a design
parameter via the null space approach and discussed an application
to flight control design by linear quadratic regulator with partial
eigenstructure assignment.
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In this Note, a new partial eigenstructure assignment technique via
static feedback is proposed. The attained design freedom is reduced
to a design parameter that is utilized for other control objectives
with no disturbance of the partially assigned eigenstructures. The
partial pole placement gain parameterization via polynomial matrix
approach12,13 plays an important role in the proposed technique. As
an illustrative example, robust lateral-directional stability augmen-
tation system (SAS) design using the current technique is presented.

Partial Eigenstructure Assignment
Consider a linear time-invariant system

ẋ(t) = Ax(t) + Bu(t) (1)

and a state feedback control law u(t) = −K x(t), where x(t) ∈ Rn,
u(t) ∈ Rm . Assume that (A, B) is controllable and B has full column
rank. For simplicity, introduce the following assumption without
loss of generality. This form is easily obtained via a similar technique
of the transformation to controllability canonical form.

Assumption 1:

A =
[

A00 A01

J1 A11

]
, B =

[
J0

0

]

J1 ∈ R(n − m) × m, A11 ∈ R(n − m)× (n − m) (2)

The parameterization of the partial pole placement gain via poly-
nomial matrix approach12,13 is given as

K = L A + �L (3)

L = J −1
0 [Im L1] ∈ Rm × n (4)

where � ∈ Rm × m, L1 ∈ Rm × (n − m). If L (or L1) is chosen suitably,
then n − m of closed-loop poles are assigned suitably. The remaining
design freedom is parameterized in terms of �, which is independent
of L .

Let us explain how L should be chosen to attain partial eigen-
structure assignment. Define a self-conjugate set of scalars and a
self-conjugate set of vectors with corresponding indices as �d :=
{λd

i ∈ C, i = 1, . . . , n − m}, �d := {ξd
i ∈ Cn, i = 1, . . . , n − m}. For

a technical reason, let us introduce the next assumption with little
loss of generality.

Assumption 2: λd
i /∈ eig(A11).

Theorem 1: Let system (1) and a pair (�d , �d) be given and
Assumptions 1 and 2 hold. Define �d

u and �i for i = 1, . . . , n − m as

�d
u := [0 In − m]

[
ξd

1 · · · ξd
n − m

]
(5)

�i :=
[ −Im

(A11 − λd
i In − m)−1 J1

]
(6)

Then there exists L ∈ Rm × n such that

∀i = 1, . . . , n − m,
[
λd

i I − (A − BK )
]
ξd

i = 0 (7)

holds for any � ∈ Rm × m where K is defined as in Eq. (3) if the
following statements hold:

1) For all i = 1, . . . , n − m, there exists wi ∈ Cm such that

�i wi = ξd
i (8)

[w1 · · · wn − m]
(

In − m − �d+
u �d

u

) = 0 (9)

2) ξd
i = ξd

j when λd
i = λd

j .
In this case, if all ξd

i are real vectors, L1 ∈ Rm × (n − m) is given by

L1 := [w1 · · · wn − m]�d+
u + �

(
In − m − �d

u �d+
u

)
(10)

for any matrix � ∈ Rm × (n − m), otherwise �d
u (or ξd

i ) and wi in
Eq. (10) should be altered as[

ξd
i ξd

j

]
:= [

ξd
i ξd

j

]
M (11)

[
wi w j

]
:= [wi w j ]M (12)

M := 1

2

[
1 − j

1 j

]
(13)

when λd
i = λd

j .
Proof 1: From Eqs. (3) and (4) and Assumption 1, condition (7)

is rearranged as[
λd

i In − (A − BK )
]
ξd

i

= T −1

[
λd

i Im + � 0

J1 J0

(
λd

i In − m − A11

) + J1 L1

]
Tξd

i (14)

where

T :=
[

J −1
0 J −1

0 L1

0 Im

]
, T −1 =

[
J0 −L1

0 Im

]

Note that det(J0) �= 0 from Assumption 1. Premultiplying T by (8),
the following relationship holds:

Tξd
i =

[
J −1

0 L1

(
A11 − λd

i In − m

)−1
J1 − J −1

0(
A11 − λd

i In − m

)−1
J1

]
wi (15)

Therefore, from Eqs. (14) and (15), we obtain[
λd

i In − (A − BK )
]
ξd

i

= (
λd

i Im + J0�J −1
0

) [
L1

(
A11 − λd

i In − m

)−1
J1 − Im

0

]
wi (16)

On the other hand,

�d
u =
[(

A11 − λd
1 In − m

)−1
J1w1 · · · (

A11 − λd
n − m In − m

)−1
J1wn − m

]

(17)

from Eqs. (5) and (8). Hence, if there exists L1 ∈ Cm × (n − m) such
that

L1�
d
u = [w1 · · · wn − m] (18)

then

∀i = 1, . . . , n − m,
[
L1

(
A11 − λd

i In − m

)−1
J1 − Im

]
wi = 0

(19)

The existence condition of such L1 is given by Eq. (9). Furthermore,
all L1 are given by Eq. (10), where � ∈ Cm × (n − m) is an arbitrary
matrix. Thus, K in Eq. (3) holds condition (7) for L1 in Eq. (10).

Let us finally prove if there exists L1 such that Eq. (19) holds
and the statement 2) holds; there always exists L1 (or K ) of the real
matrix.

Assume that the column vectors of Eq. (18) with the indices (i, j)
are a conjugate pair. A part of condition (18) about the conjugate
pair is written as

L1[0 In − m]
[
ξd

i ξd
j

] = [
wi w j

]
(20)

Postmultiplying the nonsingular matrix (13) by Eq. (20), we obtain
the (part of the) equivalent condition by the meaning of the existence
of L1 as

L1[0 In − m]
[

Re
(
ξd

i

)
I m

(
ξd

i

)] = [Re(wi ) I m(wi )] (21)

From Eq. (21), it is proven that there is a real-valued L1.
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Consequently, a real L1 ∈ Rm × (n − m) is given by Eq. (10) with a
real arbitrary matrix � ∈ Rm × m if all conjugate pairs (ξd

i , ξ
d
j ) and

(wi , w j ) in Eq. (18) are altered as Eqs. (11) and (12) respectively.
Note 1: There exists wi if and only if ξd

i ∈ Img(�i ) in Eq. (8). In
general, the desired eigenvector ξd

i will not reside within Img(�i );
hence, eigenvector assignment is not attainable via Theorem 1. Thus,
a suitable modification of the eigenvector assignment is required.
The orthogonal projection of ξd

i over Img(�i ) is the best alteration.
It is given as ξ̂

d

i := �i (�
∗
i �i )

−1�∗
i ξ

d
i , which minimizes ‖ξd

i − ξ̂
d

i ‖2.
This idea is familiar in the ordinary (total) eigenstructure assignment
technique.3

Note 2: From Eq. (8), the allowable eigenvector subspace cor-
responding to λi [i.e., Img(�i )] is spanned by the column vectors
of �i in Eq. (6) and the dimension of the subspace is m. This con-
straint is the same as the ordinary (total) eigenstructure assignment
approach.3,5,6

For simplicity, let us introduce the next assumption.
Assumption 3: ξd

i ∈ Img(�i ) and det(�d
u ) �= 0.

In many practical situations, it is allowable to modify the eigen-
vector specifications to satisfy Assumption 3. Consequently, a pro-
cedure for choosing a suitable L is summarized as follows.

Procedure 1: Let system (1) and specifications on n − m
closed-loop eigenstructure be given and Assumptions 1, 2, and
3 hold. Step 1: Compute �d

u in Eq. (5) and �i in Eq. (6) for
i = 1, . . . , n − m. Step 2: Obtain wi by solving linear equation (8)
for each i . From Assumption 3, Eq. (9) holds. Step 3: Choose L1 :=
[w1 · · · wn − m](�d

u )−1. It is ensured that det(�d
u ) �= 0 from As-

sumption 3. Step 4: The suitable L is given as in Eq. (4) for the L1

in step 3. It is proved via Theorem 1 that Eq. (7) holds for K in
Eq. (3) and arbitrary � ∈ Rm × m .

Robust Stabilization with Partial
Eigenstructure Assignment

We show that the proposed eigenstructure assignment technique
is easily applicable to the modern robust control technique. This sig-
nificant feature is due to the two characteristic eigenstructure sets
corresponding to the design parameters, L and �, respectively. De-
signers can assign n − m eigenstructures by choosing L for suitable
time-domain performance and mode decoupling.

The design freedom of the remaining closed-loop eigenstructure
is unified as �. Designers can utilize � for robust stabilization of
the entire feedback system.

Let us consider an extended system with output ỹ = Lx. Then �
is considered a fictitious output feedback gain. The assigned eigen-
structures are not disturbed by any � (see Refs. 12 and 13), because
the assigned modes of the extended system are not observable. Con-
sequently, designers can apply various modern robust control tech-
niques such as quadratic stabilization, H∞ control, and µ design via
(fictitious) output feedback of �.

Let us assume that a suitable L is already given from eigen-
structure assignment specifications. Therefore, we describe how to
choose suitable � for attaining quadratic stability. Consider a linear
system with structured time-variant perturbation,

ẋ(t) = [A + �A(t)]x(t) + [B + �B(t)]u(t) (22)

[�A(t) �B(t)] := D�(t)[Ea Eb], ∀t ≥ 0, ‖�(t)‖ ≤ 1

(23)

and assume that (A, B) is controllable, (A, D) is stabilizable, B has
full-column rank, and �(t) is Lebesgue measurable. Note that the
nominal system [i.e., �(t) ≡ 0] of Eq. (22) is system (1).

It is proved that the following two problems are equivalent in
consideration of a well-known relationship between quadratic sta-
bilization and H∞ control.17

Problem 1: Consider the uncertain system (22). Given L , find
� such that the system is robustly stabilized against the structured
uncertainty (23) by a state feedback gain (3).

Problem 2: Consider a generalized plant

ẋ(t) = (I − BL)Ax(t) + Dw + Bũ(t) (24)

z(t) = (Ea − Eb L A)x(t) + Ebũ(t) (25)

ỹ(t) = Lx(t) (26)

which is decided by Eq. (22) and a given L . Find an output feedback
law ũ(t) = −�ỹ(t) such that a closed-loop system is internally sta-
ble and ‖Tzw‖∞ < 1, where Tzw means a transfer function from w
to z.

Therefore, we can find suitable � via the equivalent H∞ control
problem, Problem 2.

Theorem 2: Consider Problem 1. There exists � which is a so-
lution of Problem 1 if and only if there exist symmetric matrices
X ∈ Rn × n and Y ∈ Rn × n such that

X > 0 (27)

B̂⊥


 ÂY + Y ÂT D Y Ê T

a

DT −I 0

ÊaY 0 −I


 (B̂⊥)T < 0 (28)

D̂⊥


X Â + ÂT X X D Ê T

a

DT X −I 0

Êa 0 −I


 (D̂⊥)T < 0 (29)

X = Y −1 (30)

where Â := (I − BL)A, B̂ := [BT 0 E T
b ]T , Êa := Ea − Eb L A,

D̂ :=[−L 0 0]T . Furthermore, � is given by a solution of linear
matrix inequality (LMI),

Q̂(Y ) + B̂�Ĉ(Y ) + Ĉ(Y )T �T B̂T < 0 (31)

where Y is such that Eqs. (27–30) hold and

Q̂(Y ) :=


 ÂY + Y ÂT D Y Ê T

a

DT −I 0

ÊaY 0 −I




Ĉ(Y ) := [−LY 0 0]

Proof 2: Considering the equivalence between Problems 1 and
2,18,19 it is proven that system (22) is robustly stabilized by the
state feedback gain (3) if and only if there exists � such that
‖Tzw‖∞ < 1 and the closed-loop system is internally stabilized.
From the bounded real lemma, such � exists if and only if there
exists Y > 0 such that Eq. (31) holds. From Theorem 4.2 in Ref. 20,
there exists � such that Eq. (31) holds for a given Y > 0 if and only
if Eq. (28) and the next condition hold:

[Ĉ(Y )T ]⊥


 ÂY + Y ÂT D Y Ê T

a

DT −Iq 0

ÊaY 0 −Iq


 {[Ĉ(Y )T ]⊥}T < 0 (32)

From the next relationship,

F̂(Y )⊥ = D̂⊥S, S :=


Y −1 0 0

0 Iq 0

0 0 Iq




condition (32) is equivalent to Eqs. (29) and (30). Thus, if there
exists (X, Y ) such that Eqs. (28–30) hold, then there exists � such
that Eq. (31) holds. Conversely, if there exists � such that Eq. (31)
holds for some Y , then conditions (28–30) hold for Y .

Consequently, there exists � such that Eq. (31) holds if and only
if there exists (X, Y ) such that Eqs. (28–30) hold. For such Y and
�, Eq. (31) obviously holds. Furthermore, system (22) is robustly
stabilized by the state feedback gain (3) for the given L and �.
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Problem 2 is a kind of low-order H∞ control problem, which
generally is a nonconvex optimization problem. A practical effective
numerical optimization algorithm is proposed in the literature.21,22

Now let us summarize our design procedure.
Procedure 2: Let a system with structured uncertainty sys-

tem (22), (23) and L be given. Assume that L has been chosen
suitably via Procedure 1. Step 1: Find (X, Y ) that satisfy Eqs. (27–
30) via numerical optimization approach (e.g., the algorithms in
Refs. 21 and 22). Step 2: Obtain � by solving the LMI (31), which
can be easily solved by using MATLAB LMI Toolbox. Determine
the state feedback gain (3). It is proven via Theorems 1 and 2 that
quadratic stabilization and assignment of partial eigenstructure are
simultaneously achieved by this K .

Illustrative Example
To illustrate our design method, we present a simple lateral/

directional SAS design.23 Consider fifth-order linearized dynamics
of a lightweight aircraft, which is described as

ẋ(t) = [A + �A(t)]x(t) + Bu(t) (33)

A =




−0.228 0.059 −0.998 −0.0037 0.0395

−34.9 −1.516 0.872 21.3 9.92

18.69 0.0379 −0.564 0.504 −8.29

0 0 0 −40 0

0 0 0 0 −25




B =
[

0 0 0 40 0

0 0 0 0 25

]T

(34)

x =




β

p

r

δa

δr


 , u =

[
δac

δrc

]
(35)

where

p = roll rate, rad/s
r = yaw rate, rad/s
β = sideslip angle, rad
δa = aileron deflection angle, rad
δac = aileron command, rad
δr = rudder deflection angle, rad
δrc = rudder command, rad

and where the aileron and the rudder actuator dynamics are included
in Eq. (33) as first-order lags with the time constant 1/40 and 1/25 s,
respectively.

Assume that system (33) has individual perturbations of ±40% in
A(2, 1), A(2, 4), A(3, 1), and A(3, 5). Hence, D, Ea, Eb, and �(t)

Table 1 Design results: Eigenstructures

Mode vectors

Mode Poles β p r δa δr

Roll −3.0000 −0.0186 1.0000 0.0064 −0.0816 −0.0405
(−3.00) (0) (1) (0) (*) (*)

Dutch roll
Real part −1.5000 1.0000 0.0000 10.9098 −0.4199 3.4608

(−1.50) (1) (0) (*) (*) (*)
Imag. part 3.5000 1.0000 0.0000 0 1.3425 0.6356

(3.50) (1) (0) (*) (*) (*)
Rudder −10.430 −0.0308 1.0000 −0.2699 −0.2704 −0.4025
Aileron −50.813 0.0029 −0.4136 0.1593 0.4896 1.0000

in Eq. (23) are given as follows:

D = 0.4




0 0 0 0

A(2, 1) 0 A(2, 4) 0

0 A(3, 1) 0 A(3, 5)

0 0 0 0

0 0 0 0




Ea =




1 0 0 0 0

1 0 0 0 0

0 0 0 1 0

0 0 0 0 1


 , Eb = [04 × 2]

�(t) = diag{�1(t), �2(t), �3(t), �4(t)}, ∀t ≥ 0, ‖�i (t)‖ < 1, i =
1, . . . , 4. In this example, actuator modeling error and washout filter
are omitted for simplicity and a clear illustration of the presented
idea.

The aircraft model has two rigid-body modes, roll and Dutch
roll. Eigenstructure of these modes has a great influence on flying
qualities of the aircraft; therefore, their eigenvalues and correspond-
ing eigenvectors should be suitably assigned to satisfy design re-
quirements and performance criteria. In this case, three (n − m = 3)
poles are assignable. According to MIL-F-8785C (Ref. 1) speci-
fication and the mode decoupling requirement, we choose the de-
sired eigenstructure (λd

i , ξ
d
i ) as follows. Roll mode is (cf. open-loop

pole: −1.3201) λd
R = −3.00, ξd

R = [0 1 0 ∗ ∗]T . Dutch roll mode
is (cf. open-loop poles: −0.4939 ± 4.5249 j) λd

D = −1.50 ± 3.50 j ,
ξd

D = [1 0 ∗ ∗ ∗]T ± j[1 0 ∗ ∗ ∗]T , where ‘∗’ elements mean
that they are free. Note that no specification is assigned to the re-
maining modes (i.e., actuator internal modes).

In many practical situations, we are interested in specifying partial
elements of an eigenvector. It can be made easy by choosing the
desired eigenvector ξd

i as an arbitrary solution of the linear equality
Fiξ

d
i = ud

i . For example, in this case, Fi and ud
i should be

FR =


1 0 0 0 0

0 1 0 0 0

0 0 1 0 0


 , ud

R =


0

1

0




FD =
[

1 0 0 0 0

0 1 0 0 0

]
, ud

D =
[

1

0

]

and a suitable ξd
i can be taken as F T

i (Fi F T
i )−1ud

i .
According to Procedure 1, suitable L for roll and Dutch roll mode

assignments is chosen as

L =
[−0.0336 0.0014 0.0040 0.0250 0

−0.0254 0.0012 −0.0104 0 0.0400

]
(36)

To compute the (X, Y ) at step 2 in Procedure 2, the linearization
algorithm proposed by Ghaoui et al.21 is used. Then �, which is a
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solution of the LMI (31), is obtained as follows:

� =
[ −72.8338 39.9740

−257.5513 134.0772

]
(37)

Thus, a suitable feedback gain is designed as

K =
[

1.4627 −0.0567 −0.6758 −2.7891 1.5779

5.0047 −0.1990 −2.3966 −6.4181 4.4600

]
(38)

via Procedure 2.
The eigenstructure assignment results are shown in Table 1. The

value in parentheses indicates the design specifications. Recall that
no excessive specifications are given for the remaining modes (rud-
der and aileron actuator internal modes). The exact assignment of
the roll and Dutch roll poles are due to the parameterization of the
partial pole assignment gain.

In this result, ‖Tzw‖∞ = 0.940(<1); hence quadratic stability is
attained and system (33) is robustly stabilized against the specified
structured uncertainty.

The performance results are shown in Fig. 1. The labels “nominal
plant” and “perturbed plant” represent the �(t) ≡ 0 case and the
�(t) ≡ I4 case, respectively. The response of the system for the
initial state x(0) = [0.04 (deg), −1 (deg/s), 0, 0, 0]T is shown in
Fig. 1. Dutch roll mode is well damped and mode decoupling is fully
improved as the result of rigid-body mode assignment. Although

a)

b)

Fig. 1 Initial responses: initial state x(0) = [0.04 (deg), −1 (deg/s), 0,
0, 0]T .

the assigned eigenstructures are also perturbed, it is observed that
specified performance is fully achieved in the perturbed plant cases.

Conclusions
It is well known that eigenstructure assignment is a powerful tech-

nique for transient response shaping. In this Note, we proposed a new
partial eigenstructure assignment technique that is easily applicable
to the modern robust control technique. In this approach, eigen-
structure specifications are only given for partial modes; therefore,
more freedom is acquired for the feedback design than the ordinary
(total) eigenstructure assignment approach. Partial eigenstructure
assignment is achieved easily by choosing suitable L , and other
control objectives are ensured by suitably choosing another design
parameter �. The partial eigenstructure which is assigned by L is
not disturbed by any �.

To demonstrate the effectiveness of the presented technique, a
mode decoupling robust flight control design by the state feedback,
which simultaneously achieves quadratic stabilization and partial
eigenstructure assignment, is presented.
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I. Introduction

C ONTROL blending and disturbance direction identification
are two examples of linear system input-dimension reduction

problems. In control blending problems, system input dimension
is reduced to facilitate control design and implementation. Typi-
cally, the system has dynamically redundant actuators that are to be
mapped to a smaller set of generalized controls and an associated
control mapping.

In disturbance decoupling problems where the disturbance is
meant to model neglected higher-order or nonlinear dynamics, de-
termination of the direction from first principles is not always practi-
cal or possible. When the disturbance direction is found empirically,
typically several directions are found, each one associated with a dif-
ferent operating point, and a suitable representative direction must
be chosen.1 The problem is complicated further when the rank of
the disturbance map is not known, that is, when it is not clear how
many directions should be chosen from the empirically derived set.

One approach to model input reduction, appealing at first, is to
inspect, pairwise, the angle between each input direction. If all the
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angles are small it might seem reasonable to choose any one di-
rection or an average of all of them as a rank-one direction repre-
sentative of the set.1 However, given that the input directions, form
a linearly independent set, the angles depend on the chosen state-
space basis. For m ≤ n linearly independent input directions, where
n is the dimension of the state space, state transformations may be
found that make the pairwise angles between the directions arbitrar-
ily close to 0 or 90 deg. It is, therefore, not clear whether the rank
of the input map should be 1 or m or something in between.

A second approach is to group the input directions into a sin-
gle multi-input mapping and to consider the singular values of this
map.2,3 If Bi is a linear system input map and B = [B1, . . . , Bm]
is an aggregate mapping, a reduced rank map is formed by com-
bining the left singular vectors associated with the largest singular
values of B, that is, once a threshold is chosen for what is to be con-
sidered a small singular value. This approach amounts to the first
because the left singular vectors and singular values of B depend on
the basis chosen for the state space unless, of course, only unitary
transformations on the state space are allowed.

An underlying difficulty with both approaches is that the dynam-
ics and input–output characteristics of the system are neglected.
Consider, for example, a disturbance direction identification prob-
lem. A worst-case disturbance often is measured in an �2 sense,
which suggests an H∞ norm as the important system property to be
maximized when performing a model approximation. On the other
hand, in a control-blending problem, controllability and observabil-
ity are the important system properties. A Hankel norm provides
such an indicator as the square root of the largest eigenvalue of
the product of controllability and observability gramians. Thus, the
choice of the cost used in performing the model input reduction
depends on the role the input plays in the system dynamics.

The following section introduces some notation. Section III
presents an approach to model input reduction based on maximiz-
ing a system H∞ norm. Section IV presents an approach based on
maximizing a system Hankel norm. Section V illustrates an appli-
cation to a disturbance direction identification problem; a numeri-
cal example is included. Section VI illustrates an application to a
control-blending problem; a numerical example is also included.

II. Notation
Let G be a linear time-invariant system with k multidimensional

inputs:

ẋ = Ax + B1u1 + · · · + Bkuk, y = Cx

The system has n states and p outputs and the k inputs u1, . . . , uk

each have dimension mi . It is also useful to define an aggregate-input
mapping B = [B1, . . . , Bk] that operates on an m-dimensional vec-
tor u where m = ∑

mi . Thus, if the inputs belong to real vector
spaces as in ui ∈Ui and u ∈U , then the Ui form an orthogonal de-
composition of U as in U =U1 ⊕ · · · ⊕ Uk . A single-input system
derived from G is indicated by Gq and defined as

ẋ = Ax + Bqū, y = Cx

where ū is a real scalar, q : R 
→Rm and ‖q‖ = 1. Finally, Lc and
Lcq are the controllability gramians of the pairs (A, B) and (A, Bq).
Lo is the observability gramian of the pair (C, A).

III. H∞ Norm Maximization Approach
In a disturbance modeling problem, the worst-case disturbance

direction, in an �2 sense, is indicated by maximizing the system
H∞ norm. The H∞ norm of the full-order system (C, A, B) may
be regarded as a search over frequency for the largest singular value
of the frequency response matrix:

‖G‖∞ = max
ω

{
σmax[C(ωI − A)−1 B]

}
(1)

The search may be tuned by applying frequency-dependent weights
to the input and output. Form a model input reduction problem by
finding q such that the H∞ norm of the system with reduced-order


